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Abstract
We explicitly describe the fundamental gaps of any numerical semigroup generated by two
elements, and in particular we obtain a formula for the number of fundamental gaps of these
semigroups.
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A numerical semigroup is a subset S of the set of nonnegative integers N that
is closed under addition, 0 ∈ S and N \ S has finitely many elements. For any n1,
n2, . . . , nk ∈ N we call 〈n1, n2, . . . , nk〉 = {a1n1 + · · · + aknk|a1, . . . , ak ∈ N}.
Then 〈n1, n2, . . . , nk〉 is a numerical semigroup if and only if gcd{n1, n2, . . . , nk} =
1, where gcd stands for greatest common divisor (see [5]).
Given a numerical semigroup S, we define the set of gaps of S as H(S) = N \ S.
The cardinality of this set is called the singularity degree of S and it is an important
invariant of the semigroup S (see [2]). An element x ∈ H(S) is said to be a funda-
mental gap of S if {2x, 3x} ⊆ S (see [6]). We denote by FH(S) the set of all the
fundamental gaps of S. We observe that
FH(S) = {x ∈ H(S)|kx ∈ S, for every positive integer k  2}.
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For a subset X of N, we will represent by #X the cardinality of X and by D(X)
the set of those natural numbers which divide some element in X. Clearly, if S is a
numerical semigroup, then H(S) = D(FH(S)). Hence every numerical semigroup
is completely determined by its fundamental gaps, because S = N \ D(FH(S)) (see
[6]).
Our aim in this paper is to prove Theorem 9 which describes explicitly the
fundamental gaps of the semigroup 〈n1, n2〉, where n1, n2 are relatively prime posit-
ive integers greater than 2. As a consequence, we will derive a formula for
#FH(〈n1, n2〉) in Corollary 11.
For a numerical semigroup S, the largest integer not in S is called the Frobenius
number of S and it is denoted by g(S). This integer has been widely studied in liter-
ature. In 1884 it was proved by Sylvester in [9] that g(〈n1, n2〉) = n1n2 − n1 − n2,
being this result a cornerstone for the subsequent research on this problem. For a
complete overview (see [4]).
If S is a numerical semigroup and d is a positive integer, we will represent
by gd(S) the greatest integer multiple of d not in S. It is clear that g1(S) = g(S)
and gd(S) = −d if and only if d ∈ S. It is an open problem to find a formula for
gd(〈n1, n2〉) in terms of n1, n2 and d . In this direction we give explicit formulae for
g2(〈n1, n2〉) andg3(〈n1, n2〉) and a lower bound forgd(〈n1, n2〉) in terms ofn1 andn2.
Given two positive integers a and b, denote by a mod b the remainder of the divi-
sion of a by b. A proportionally modular Diophantine inequality is an expression of
the form ax mod b  cx, with a, b and c positive integers. The set of integer solu-
tions of a proportionally modular Diophantine inequality is a numerical semigroup,
and we say that a numerical semigroup S is proportionally modular if S is the set
of integer solutions of a proportionally modular Diophantine inequality (see [7]).
The results in this paper will permit us to compute also the fundamental gaps of
proportionally modular semigroups.
A numerical semigroup S is said to be symmetric if the condition x ∈ Z \ S
implies that g(S) − x ∈ S. It is a well known fact (see [3]) that every numerical
semigroup generated by two elements is symmetric.
It is easy to prove from definitions that a numerical semigroup S is symmetric if
and only if g(S) is odd and #H(S) = g(S)+12 . In the particular case of S = 〈n1, n2〉,
we have #H(S) = (n1−1)(n2−1)2 . This formula was originally proved by Sylvester in
[10].
Along this paper and unless otherwise stated, we will assume n1 and n2 to be
relatively prime integers greater than or equal to 3.
Lemma 1. Let x ∈ Z. Then x /∈ 〈n1, n2〉 if and only if x = n1n2 − an1 − bn2 for
some a, b ∈ N \ {0}.
Proof. Suppose first that x ∈ 〈n1, n2〉. Since 〈n1, n2〉 is symmetric and g(〈n1, n2〉) =
n1n2 − n1 − n2, we deduce that n1n2 − n1 − n2 − x ∈ 〈n1, n2〉. This means that
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there exist λ, µ ∈ N such that n1n2 − n1 − n2 − x = λn1 + µn2 and so, x = n1n2 −
(λ + 1)n1 − (µ + 1)n2.
Conversely assume that x = n1n2 − an1 − bn2 for some a, b ∈ N \ {0}. If x ∈
〈n1, n2〉, then we deduce that n1n2−n1−n2 ∈〈n1, n2〉, which is a contradiction. 
Given a numerical semigroup S and n ∈ S \ {0}, the Apéry set of n in S (see [1])
is
Ap(S, n) = {s ∈ S|s − n /∈ S}.
Remark 2. Note that Ap(S, n) = {w(0) = 0, w(1), . . . , w(n − 1)}, where w(i) is
the least element in S which is congruent to i modulo n (see for instance [5]). Every
integer number z can be uniquely written as z = w + qn, for some w ∈ Ap(S, n) and
q ∈ Z. Moreover, z ∈ S if and only if q ∈ N. It is a well known fact that Ap(〈n1, n2〉,
n1) = {0, n2, 2n2, . . . , (n1 − 1)n2} (see for instance [11]).
Lemma 3. Under the standing hypothesis, let a, b be integers such that a < n2 and
b < n1. Then an1 + bn2 ∈ 〈n1, n2〉 if and only if a  0 and b  0.
Proof. Sufficiency is obvious. Suppose that an1 + bn2 ∈ 〈n1, n2〉. This implies that
a  0 or b  0. If 0  b < n1, then by last statement in Remark 2 we have that
bn2 ∈ Ap(〈n1, n2〉, n1). By Remark 2 again we deduce that a  0. 
Proposition 4. Under the standing hypothesis, let x ∈ N. Then x /∈ 〈n1, n2〉 and
2x ∈ 〈n1, n2〉 if and only if x = n1n2 − an1 − bn2 for some integers a, b verifying
that 1  a  n22 and 1  b 
n1
2 .
Proof. If x /∈ 〈n1, n2〉, then we know from Lemma 1 that x = n1n2 − an1 − bn2 for
some a, b ∈ N \ {0}. Suppose also that 2x ∈ 〈n1, n2〉. This implies that 2(n1n2 −
an1 − bn2) ∈ 〈n1, n2〉, that is, (n2 − 2a)n1 + (n1 − 2b)n2 ∈ 〈n1, n2〉. By Lemma
3, we deduce that n2 − 2a  0 and n1 − 2b  0. Conversely, if x = n1n2 − an1 −
bn2 with a  1 and b  1, then by Lemma 1 we have that x /∈ 〈n1, n2〉. Moreover,
if a  n22 and b 
n1
2 , then 2x=2(n1n2−an1−bn2)=(n2−2a)n1+(n1−2b)n2 ∈〈n1, n2〉. 
For a rational number q we denote by q the integer part of q, that is, q =
max{z ∈ Z|z  q}.
As an immediate consequence of Proposition 4 and Remark 2 we obtain the fol-
lowing result.
Corollary 5. Under the standing hypothesis,
#{x ∈ N|x /∈ 〈n1, n2〉 and 2x ∈ 〈n1, n2〉} =
⌊n1
2
⌋⌊n2
2
⌋
.
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Given a numerical semigroup S and a positive integer p, we denote by S
p
the set
{x ∈ N|px ∈ S}. It is immediate from the definition that S
p
is a numerical semigroup
which contains S. Note also that if p ∈ S, then S
p
= N (see [7]).
Lemma 6. Under the standing hypothesis:
(i) If n2 is even, then 〈n1,n2〉2 = 〈n1, n22 〉.
(ii) If n1 and n2 are both odd, then 〈n1,n2〉2 = 〈n1, n2, n1+n22 〉.
Proof
(1) If x ∈ 〈n1,n2〉2 , then 2x ∈ 〈n1, n2〉, and so, there exist a, b ∈ N such that 2x =
an1 + bn2. Since n1 is odd and n2 is even, we deduce that a must be even, and
then we get x = a2n1 + b n22 ∈ 〈n1, n22 〉.
The other inclusion follows from {n1, n22 } ⊆ 〈n1,n2〉2 .
(2) First, the inclusion {n1, n2, n1+n22 } ⊆ 〈n1,n2〉2 implies that 〈n1, n2, n1+n22 〉 ⊆〈n1,n2〉
2 .
If x ∈ 〈n1,n2〉2 , then there exist a, b ∈ N such that 2x = an1 + bn2. If a and
b are both even, then x = a2n1 + b2n2 ∈ 〈n1, n2〉 ⊆ 〈n1, n2, n1+n22 〉. If a and b
are both odd, then x = a−12 n1 + b−12 n2 + n1+n22 ∈ 〈n1, n2, n1+n22 〉. 
Proposition 7. Under the standing hypothesis:
(1) If n2 is even, then
{x ∈ N|x /∈ 〈n1, n2〉 and 2x ∈ 〈n1, n2〉}
=
{
n2
2
+ an1 + bn2|0  a  n22 − 1 and 0  b 
n1 − 1
2
− 1
}
.
Moreover,
g
( 〈n1, n2〉
2
)
= n1n2−2n1−n2
2
and #H
( 〈n1, n2〉
2
)
= (n1−1)(n2−2)
4
.
(2) If n1 and n2 are odd, then
{x ∈ N|x /∈ 〈n1, n2〉 and 2x ∈ 〈n1, n2〉}
=
{
n1 + n2
2
+ an1 + bn2
∣∣∣∣ 0  a  n2 − 12 − 1 and
0  b  n1 − 1
2
− 1
}
.
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Moreover,
g
( 〈n1, n2〉
2
)
= n1n2 − n1 − n2 − min{n1, n2}
2
and
#H
( 〈n1, n2〉
2
)
= (n1 − 1)(n2 − 1)
4
.
Proof
(1) Let A = {x ∈ N|x /∈ 〈n1, n2〉 and 2x ∈ 〈n1, n2〉} and B = {n22 + an1 +
bn2|0  a  n22 − 1 and 0  b  n1−12 − 1}. By Lemma 6, if x /∈ 〈n1, n2〉
and 2x ∈ 〈n1, n2〉, then x = n22 + an1 + bn2 for some a, b ∈ N. Note that
n2
2 + n22 n1 = n1+12 n2 ∈ 〈n1, n2〉 and n22 + n1−12 n2 = n22 n1 ∈ 〈n1, n2〉. Hence,
if a  n22 or b 
n1−1
2 , then
n2
2 + an1 + bn2 ∈ 〈n1, n2〉. This proves that A ⊆
B. Since we know from Corollary 5 that #A = n2(n1−1)4 , and clearly #B 
n2(n1−1)
4 , then we get A = B. By Lemma 6 we have that 〈n1,n2〉2 = 〈n1, n22 〉.
So, by applying Sylvester’s formulae we obtain
g
( 〈n1, n2〉
2
)
= g
(〈
n1,
n2
2
〉)
= n1n2 − 2n1 − n2
2
,
and
#H
( 〈n1, n2〉
2
)
= #H
(〈
n1,
n2
2
〉)
= (n1 − 1)(n2 − 2)
4
.
(2) Let A = {x ∈ N|x /∈ 〈n1, n2〉 and 2x ∈ 〈n1, n2〉} and B = {n1+n22 + an1 +
bn2|0  a  n2−12 − 1 and 0  b  n1−12 − 1}. Similarly to part one, if x ∈
A, then by Lemma 6 we know that x = n1+n22 + an1 + bn2 for some a, b ∈ N.
Note that n1+n22 + n2−12 n1 = n1+12 n2 ∈ 〈n1, n2〉 and n1+n22 + n1−12 n2 =
n2+1
2 n1 ∈ 〈n1, n2〉. Hence, if a  n2−12 or b  n1−12 , then n1+n22 + an1 +
bn2 ∈ 〈n1, n2〉. This proves that A ⊆ B. By proceeding similarly to the pre-
vious case we deduce that A = B. Note that if x is the largest integer mul-
tiple of 2 which does not belong to 〈n1, n2〉, then g( 〈n1,n2〉2 ) = x2 . By Lemma
1 we know that if x /∈ 〈n1, n2〉, then x = n1n2 − n1 − n2 − λn1 − µn2 for
some λ,µ ∈ N. Note that x is even if and only if λn1 + µn2 is odd, and the
minimum value of λn1 + µn2 in positive integers is min{n1, n2}. Then we get
g
( 〈n1, n2〉
2
)
= n1n2 − n1 − n2 − min{n1, n2}
2
.
Finally, by applying Sylvester’s formula for the number of gaps and Corollary
5 to the equality #H(〈n1, n2〉) = #H( 〈n1,n2〉2 ) + #A, we obtain
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#H
( 〈n1, n2〉
2
)
= (n1 − 1)(n2 − 1)
2
− (n1 − 1)(n2 − 1)
4
= (n1−1)(n2−1)
4
. 
The following result is an immediate consequence of Proposition 7.
Corollary 8. Under the standing hypothesis, let a, b ∈ N.
(1) If n2 is even, then n22 + an1 + bn2 ∈ 〈n1, n2〉 if and only if a  n22 or b 
n1−1
2 .
(2) If n1 and n2 are odd, then n1+n22 + an1 + bn2 ∈ 〈n1, n2〉 if and only if a 
n2−1
2 or b 
n1−1
2 .
Now we are ready to state and prove the main result in this paper.
Theorem 9. Under the standing hypothesis:
(1) If n2 is even, then FH(〈n1, n2〉) = {n22 + an1 + bn2|( n26  a  n22 − 1 and
0  b  n1−12 − 1) or (0  a  n22 − 1 and n1−36  b  n1−12 − 1)}.
(2) If n1 and n2 are odd, then FH(〈n1, n2〉) = {n1+n22 + an1 + bn2|( n2−36  a 
n2−1
2 − 1 and 0  b  n1−12 − 1) or (0  a  n2−12 − 1 and n1−36  b 
n1−1
2 − 1)}.
Proof
(1) By Proposition 7 we know that x /∈ 〈n1, n2〉 and 2x ∈ 〈n1, n2〉 if and only if
x = n22 + an1 + bn2 with a, b integers such that 0  a  n22 − 1 and 0  b 
n1−1
2 − 1. We observe that 3( n22 + an1 + bn2) ∈ 〈n1, n2〉 if and only if n22 +
3an1 + (3b + 1)n2 ∈ 〈n1, n2〉, and by Corollary 8 this is equivalent to 3a 
n2
2 or 3b + 1  n1−12 .(2) Again, by Proposition 7 we have that x /∈ 〈n1, n2〉 and 2x ∈ 〈n1, n2〉 if and
only if x = n1+n22 + an1 + bn2 with a, b integers such that 0  a  n2−12 −
1 and 0  b  n1−12 − 1. Note that 3( n1+n22 + an1 + bn2) ∈ 〈n1, n2〉 if and
only if n1+n22 + (3a + 1)n1 + (3b + 1)n2 ∈ 〈n1, n2〉, and by Corollary 8 this
is equivalent to 3a + 1  n2−12 or 3b + 1  n1−12 . 
For a rational number x, we define x	 = min{z ∈ Z|x  z}. Now we obtain sev-
eral consequences from Theorem 9. The following result is a consequence of the
proof of this theorem.
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Corollary 10. Under the standing hypothesis,
#{x ∈ N|x /∈ 〈n1, n2〉, 2x ∈ 〈n1, n2〉 and 3x /∈ 〈n1, n2〉}
=
{
n1−36 	n26 	 if n2 is even,
n1−36 	n2−36 	 if n1, n2 are odd.
From Corollaries 5 and 10 we also obtain the following one.
Corollary 11. Under the standing hypothesis:
(1) If n2 is even, then #FH(〈n1, n2〉) = n2(n1−1)4 − n26 	n1−36 	.
(2) If n1 and n2 are odd, then #FH(〈n1, n2〉) = (n1−1)(n2−1)4 − n2−36 	n1−36 	.
Remark 12. We deduce from Corollary 10 that if 3 /∈ {n1, n2}, then there exists at
least one positive integer x such that x /∈ 〈n1, n2〉, 2x ∈ 〈n1, n2〉 and 3x /∈ 〈n1, n2〉.
Example 13. Let S = 〈3, 10〉. By applying the formula in Corollary 11 we obtain
#FH(S) = 10·24 − 2 · 0 = 5. In fact, one can easily compute FH(S) = {5, 8, 11,
14, 17}.
Example 14. Let S = 〈5, 11〉. By using the formula in Corollary 11 we obtain
#FH(S) = 10·44 − 2 · 1 = 8. Now by Theorem 9 we obtain FH(S) = 8 + {10, 11,
15, 16, 20, 21, 26, 31} = {18, 19, 23, 24, 28, 29, 34, 39}.
Corollary 15. Under the standing hypothesis, let d be a positive integer such that
d /∈ 〈n1, n2〉. Then:
(1) If n2 is even, then gd(〈n1, n2〉)  min{n22 + n26 	n1, n22 + n1−36 	n2}.
(2) If n1, n2 are odd, then gd(〈n1, n2〉)  min{n1+n22 + n2−36 	n1, n1+n22 +
n1−36 	n2}.
Proof. Since gd(〈n1, n2〉) ∈ FH(〈n1, n2〉), then the proof follows right away from
Theorem 9 by considering the two fundamental gaps of 〈n1, n2〉 which coordinates
are closest to the origin of coordinates. 
The next result is a consequence of Proposition 7.
Lemma 16. Under the standing hypothesis,
g2(〈n1, n2〉) =
{
n1n2 − 2n1 − n2 if n2 is even,
n1n2 − n1 − n2 − min{n1, n2} if n1, n2 are odd.
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We can obtain similar results to the previous one for any value of d . We show the
case d = 3.
Lemma 17. Under the standing hypothesis:
(1) If n2 ≡ 0 mod 3, then g3(〈n1, n2〉) = n1n2 − 3n1 − n2.
(2) If n1 ≡ 1 mod 3 and n2 ≡ 1 mod 3, then g3(〈n1, n2〉) = n1n2 − n1 − n2 − 2 ·
min{n1, n2}.
(3) If n1 ≡ 1 mod 3 and n2 ≡ 2 mod 3, then g3(〈n1, n2〉) = n1n2 − n1 − n2 −
min{2n1, n2}.
(4) If n1 ≡ 2 mod 3 and n2 ≡ 2 mod 3, then g3(〈n1, n2〉) = n1n2 − n1 − n2.
Proof. By Lemma 1 we know that x /∈ 〈n1, n2〉 if and only if x = n1n2 − n1 − n2 −
(λn1 + µn2) for some λ, µ ∈ N. If x is a multiple of 3, then λn1 + µn2 ≡ n1n2 −
n1 − n2 mod 3. Hence, we have to determine λ,µ ∈ N such that λn1 + µn2 attains
its minimum value and λn1 + µn2 ≡ n1n2 − n1 − n2 mod 3 in each particular case.
The correctness of the resulting formulas can be easily checked by the reader. 
Example 18. For the semigroup S = 〈8, 13〉, one can check that
FH(S)={20,28,30,33,36,38,41,43,44,46,49,51,54,57,59, 62, 67, 70, 75, 83},
and so one see by inspection that g3(S) = 75. These kind of computations turn out to
be cumbersome also for little values of the generators. We observe that 8 ≡ 2 mod 3
and 13 ≡ 1 mod 3. This corresponds to case three in Lemma 17 with n1 = 13 and
n2 = 8. Hence g3(〈8, 13〉) = 13 · 8 − 13 − 8 − min{2 · 13, 8} = 75.
In [8], proportionally modular semigroups are characterized as those numerical
semigroups which can be represented as 〈n1,n2〉
p
for certain positive integers n1, n2
and p such that gcd{n1, n2} = 1.
Lemma 19 [7, Lemma 18]. Let S be a numerical semigroup and let p be a positive
integer.
FH
(
S
p
)
=
{
h
p
∣∣∣∣h ∈ FH(S) and h is multiple of p
}
.
Accordingly, the results presented in this paper are useful to determine the funda-
mental gaps of any proportionally modular semigroup.
Example 20. Let us compute the fundamental gaps of the proportionally modular
semigroup S = 〈5,11〉3 . From Example 14 we obtain FH(〈5, 11〉) = {18, 19, 23, 24,
28, 29, 34, 39}, and by Lemma 19 we get FH(S) = {6, 8, 13}. Hence S =
N \ D({6, 8, 13}) = N \ {1, 2, 3, 4, 6, 8, 13} = {0, 5, 7, 9, 10, 11, 12, 14,→} = 〈5,
7, 9, 11〉 (here → is used to say that the integers greater than 14 are in the set).
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Remark 21. Along this paper we have always assumed that min{n1, n2}  3. If
min{n1, n2} = 1, then 〈n1, n2〉 = N and so FH(S) = ∅. If min{n1, n2} = n2 = 2,
then 〈n1, n2〉 = {0, 2, 4, . . . , n1−12 2, n1,→} and consequently FH(S) ={x ∈ N|x is odd and n13  x  n1 − 2}.
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